Introduction {#Sec1}
============

In this paper, we continue our investigation into the phenomenon of receptor rebound, i.e., a post-dose rise in receptor levels to higher than pre-dose (baseline). In our previous paper (Aston et al. [@CR2]), we showed that if no homeostatic feedback is present, rebound will occur if and only if the elimination rate of the target-drug complex is slower than both the elimination rate of the drug and the elimination rate of the target. Binding to cell-surface receptors typically results in accelerated turnover of the anti-body and hence complex, so it can be expected that rebound will occur in rare cases only. However,  Ng et al. ([@CR9]) describe a treatment for psoriasis patients with efalizumab in which rebound is observed. They also derive a model that shows good agreement with the experimental observations. A main difference between this model and standard TMDD models is that the model includes receptor feedback for the synthesis rate. In the basic TMDD model, reduction of free target levels does not have any impact on the endogenous production or elimination rate of the free target, i.e., no endogenous feedback control exists to compensate for the antibody effect on target. The model in Ng et al. ([@CR9]) includes such feedback control via an additional differential equation for the synthesis rate. Another indicator of the importance of feedback in the synthesis rate is the recent paper by Kristensen et al. ([@CR7]), in which it is postulated that the protein synthesis rate is the predominant regulator of protein expression during differentiation.

In this paper we investigate how receptor feedback influences the occurrence of rebound in the TMDD model. The receptor feedback is usually a dynamical process via some moderators and we modify the TMDD model to include feedback by adding an additional differential equation. If the feedback is very fast, a quasi-equilibrium approach can be used and the feedback can be included in the synthesis term itself Hek ([@CR5]). This approach is similar to the one leading to the Michaelis--Menten approximation or the Quasi-Steady-State approximation. We will use the term "direct feedback" for the quasi-equilibrium approximation. The modification to include feedback is presented in full detail in Sect. [3](#Sec3){ref-type="sec"}, after a review of the main results of our first paper (Aston et al. [@CR2]) on rebound in the basic TMDD model without feedback in Sect. [2](#Sec2){ref-type="sec"}. A wide class of feedback functions is considered with some natural assumptions on their action.

The TMDD model with the direct feedback approximation is analysed in Sect. [4](#Sec4){ref-type="sec"}. This analysis shows that the existence or non-existence of rebound is still linked to the elimination rates, though rebound can be expected in a larger region in the elimination parameter plane, see the left plot in Fig. [1](#Fig1){ref-type="fig"}. The general case of feedback via a moderator is analysed in Sect. [5](#Sec10){ref-type="sec"}. Now the response speed of the feedback moderator plays an important role as well as the elimination rates. It is shown that there is a similar region in the elimination rate plane as for the basic TMDD model for which rebound will occur for any response speed. Furthermore, if the feedback responds slowly to a change in the receptor levels, rebound will occur for any value of the elimination rates. A schematic overview of this result is in the right plot of Fig. [1](#Fig1){ref-type="fig"}.Fig. 1A schematic overview of the elimination plane. On the horizontal axis is the elimination rate of the ligand (antibody/drug), denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_\mathrm{e(L)}$$\end{document}$, and on the vertical axis is the elimination rate of the receptor (antigen/target), denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$k_\mathrm{out}$$\end{document}$. The elimination rate of the antibody--antigen complex (drug--target product) is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$k_\mathrm{e(P)}$$\end{document}$. On the *left* is an overview of the occurrence of rebound in the case of the direct feedback approximation. In the *red* region, rebound will occur and in the *green* region no rebound can occur. The symbols *h*, *m* and *M* are related to the feedback function and will be defined in Sect. [4](#Sec4){ref-type="sec"}. In the case where there is no feedback, $\documentclass[12pt]{minimal}
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                \begin{document}$$m=h=M=0$$\end{document}$ and the region in which there is rebound is the *red* region above the line $\documentclass[12pt]{minimal}
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                \begin{document}$$k_\mathrm{out}=k_\mathrm{e(P)}$$\end{document}$. On the *right* is an overview of the occurrence of feedback, depending on the speed of the feedback response. There is a *red* region in the elimination plane, that equals the direct feedback rebound region, for which rebound will occur for any speed of the feedback response. In addition, if the response is slow, rebound will occur for any elimination values. The precise response speed for which the rebound stops occurring will vary across the *pink* region (color figure online)

The TMDD model is a one-compartment model. In Sect. [6](#Sec16){ref-type="sec"}, we consider briefly two classes of more general models with feedback (one class is related to multiple compartments, the other to more general feedback mechanisms) and show that rebound will generically occur in such models for slow feedback moderator response. In this paper, the word generic refers to the assumptions that the linearisation about the baseline state has no degenerate eigenvalues and that trajectories approaching the attracting baseline state do so tangent to the eigenvector associated with the least attracting eigenvalue. Section [7](#Sec19){ref-type="sec"} illustrates the theory for two examples. The first example is a standard TMDD model for the IgE mAb omalizumab. We discuss what the effect of the two types of feedback mechanisms would be in this case . The second example is the model in Ng et al. ([@CR9]) which describes the efficacy of efalizumab for patients with psoriasis. Simulations show that the model does not lead to rebound if the feedback is turned off, but a significant rebound (about 140% of baseline) will occur if feedback is included. These results can be predicted with our analysis and underpin the observations of rebound in some patients. Finally, Sect. [8](#Sec22){ref-type="sec"} contains a discussion of the results obtained in this paper and poses some open questions. The proofs of some of the technical results in the paper are given in the Appendix.Fig. 2The TMDD reaction mechanism

Review of previous results {#Sec2}
==========================

In our previous paper (Aston et al. [@CR2]), we considered a one-compartment TMDD model based on the original work of Levy ([@CR8]) where the ligand *L* binds reversibly with the receptor *R* to form a receptor-ligand complex *P* as shown in Fig. [2](#Fig2){ref-type="fig"}. The TMDD model assumes a mechanism-based reaction to explain the ligand-receptor interaction. The parameters of the model are the binding rate constants $\documentclass[12pt]{minimal}
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                \begin{document}$$k_\mathrm{e(P)}$$\end{document}$. The system is assumed to be initially at steady state, into which a single bolus infusion $\documentclass[12pt]{minimal}
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                \begin{document}$$L_0$$\end{document}$ of the ligand into the central (plasma) compartment is made (represented in Fig. [2](#Fig2){ref-type="fig"} by 'In'). The differential equations that comprise the mathematical model for this system are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{dP}{dt}= & {} k_\mathrm{on}LR - k_\mathrm{off}P -k_\mathrm{e(P)}P \end{aligned}$$\end{document}$$A steady state of this system is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$R=k_\mathrm{in}/k_\mathrm{out}$$\end{document}$. Adding the bolus injection $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} L(0)=L_0, \quad R(0)=R_0=\frac{k_\mathrm{in}}{k_\mathrm{out}}, \quad P(0)=0. \end{aligned}$$\end{document}$$After the ligand is added to the system in its baseline state, initially the receptor level decreases, but after a while it goes up again and returns to its baseline value, since the steady state is globally asymptotically stable (Aston et al. [@CR2]). Rebound occurs if, in the return to the baseline value, the receptor level increases to values above the baseline $\documentclass[12pt]{minimal}
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                \begin{document}$$R_0$$\end{document}$. In Aston et al. ([@CR2]), we determined precise conditions for the existence and non-existence of rebound. Our main result was the following.

Theorem 2.1 {#FPar1}
-----------

Rebound occurs in Eqs. ([1](#Equ1){ref-type=""})--([3](#Equ3){ref-type=""}) if and only if$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} k_\mathrm{e(P)}<k_\mathrm{e(L)}\quad \hbox {and}\quad k_\mathrm{e(P)}<k_\mathrm{out}. \end{aligned}$$\end{document}$$

This result shows that rebound occurs if and only if the elimination rate of the product is slower than the elimination rates of both the ligand and the receptor. This is represented graphically by different regions in the $\documentclass[12pt]{minimal}
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                \begin{document}$$(k_\mathrm{e(L)},k_\mathrm{out})$$\end{document}$ plane, as shown in Fig. [3](#Fig3){ref-type="fig"}. The above condition for rebound in terms of non-dimensional parameters is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} k_1 = \frac{k_\mathrm{e(L)}}{k_\mathrm{on}R_0},\quad k_3=\frac{k_\mathrm{out}}{k_\mathrm{on}R_0}, \quad k_4=\frac{k_\mathrm{e(P)}}{k_\mathrm{on}R_0}. \end{aligned}$$\end{document}$$ Fig. 3The *green* region shows the part of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(k_\mathrm{e(L)},k_\mathrm{out})$$\end{document}$ parameter plane where there is no rebound, and the *red* region shows where there is rebound. The boundaries are given by the lines $\documentclass[12pt]{minimal}
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                \begin{document}$$k_\mathrm{out}=k_\mathrm{e(P)}$$\end{document}$. This figure is similar to Fig. 2 in Aston et al. ([@CR2]) (color figure online)

Intuitively, if the clearance of the complex is slow relative to the other two clearance rates, when there is a significant build-up of the complex due to the rapid binding of ligand and receptor, then this complex is only eliminated slowly. This results in an additional "production" of the receptor when the complex dissociates which is likely to lead to rebound. Our analysis quantifies this and we now show how these thresholds that we derived previously are affected if receptor feedback is added to the system.

Including feedback in the TMDD model {#Sec3}
====================================

We now extend our previous work on rebound in the basic TMDD model by extending the model to include feedback on the synthesis rate. The feedback gives an increase in the production rate of the receptor if the receptor levels drop under the baseline. Similarly, if the receptor level exceeds the baseline value, then the feedback induces a decrease in the production rate. Thus, this mechanism can be classified as negative feedback.

We start with the TMDD equations ([1](#Equ1){ref-type=""})--([3](#Equ3){ref-type=""}) but now assume that the rate of production of *R* ($\documentclass[12pt]{minimal}
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                \begin{document}$$k_\mathrm{in}$$\end{document}$) is not constant but varies as *R* changes. Thus, Eq. ([2](#Equ2){ref-type=""}) is now modified to have the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{dR}{dt} = k_\mathrm{in}F - k_\mathrm{out}R - k_\mathrm{on}LR + k_\mathrm{off}P. \end{aligned}$$\end{document}$$The new feedback variable *F*, which will be related to *R*, has the effect of varying the production rate of the receptor. The feedback is usually via some moderator and its dynamics is described with the differential equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\alpha \ge 0$$\end{document}$ determines the strength of the feedback and determines the time scale on which the feedback moderator responds to changes in the receptor levels. Clearly, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =0$$\end{document}$, then *F* is a constant and the model reduces to the basic TMDD model with no feedback. If $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ is small, the feedback response is slow, while if $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ is larger, there is a very fast feedback response. Formally, dividing ([6](#Equ6){ref-type=""}) through by $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F=H(R) \end{aligned}$$\end{document}$$is obtained. This motivates a quasi-equilibrium approximation in which the differential equation for *F* is replaced with the relation ([7](#Equ7){ref-type=""}). We will call this the direct feedback approximation.

Next we consider the function *H*(*R*). The function must be such that the model has the following features:the production rate of the receptor, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$k_\mathrm{in}F$$\end{document}$, should be positive;the receptor concentration should have the baseline $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R=R_0=k_\mathrm{in}/k_\mathrm{out}$$\end{document}$;the feedback mechanism should reduce the production rate of the receptor when the receptor level exceeds the baseline and should increase it when the receptor level is below the baseline.This leads to the following general assumptions on the function *H*(*R*):$\documentclass[12pt]{minimal}
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                \begin{document}$$H\in C^2([0,\infty ))$$\end{document}$.We note that assumption (H1) ensures that in case of the direct feedback approximation (i.e, *F* is a function of *R* and ([7](#Equ7){ref-type=""}) holds) the feedback $\documentclass[12pt]{minimal}
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                \begin{document}$$F>0$$\end{document}$, so that the production rate of *R* is always positive. Alternatively, if the dynamics of *F* is described by the differential equation ([6](#Equ6){ref-type=""}), then this condition ensures that$$\documentclass[12pt]{minimal}
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                \begin{document}$$t>0$$\end{document}$ and hence the production rate is always positive.

The basic TMMD model without feedback, Eqs. ([1](#Equ1){ref-type=""})--([3](#Equ3){ref-type=""}), has a steady state solution given by $\documentclass[12pt]{minimal}
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                \begin{document}$$R=R_0=k_\mathrm{in}/k_\mathrm{out}$$\end{document}$. This will still be a steady state of our modified equations in both the full model and the direct feedback approximation, provided that (H2) holds. For the full model, we observe that the steady state value for *F* is $\documentclass[12pt]{minimal}
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                \begin{document}$$F=1$$\end{document}$. Finally, the assumption (H3) ensures that the production of the receptor slows down when there is excess receptor, and increases when the receptor level is below the baseline and (H4) is a technical assumption assuring sufficient smoothness. Combining (H2)--(H4) implies that $\documentclass[12pt]{minimal}
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                \begin{document}$$H'(R_0)\le 0$$\end{document}$. We note that if *H* is a positive, strictly decreasing, smooth function with $\documentclass[12pt]{minimal}
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We now have two modified TMDD models that incorporate feedback. For the direct feedback approximation, we use ([7](#Equ7){ref-type=""}) to replace *F* with *H*(*R*) which gives the differential equations$$\documentclass[12pt]{minimal}
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We non-dimensionalise these equations in the same way as in Aston et al. ([@CR2]). We note that our new variable *F* is non-dimensional, and so we define the dimensionless variables$$\documentclass[12pt]{minimal}
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In terms of the non-dimensional quantities, the direct feedback equations ([8](#Equ8){ref-type=""})--([10](#Equ10){ref-type=""}) become$$\documentclass[12pt]{minimal}
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Similarly, the non-dimensional equations for the full feedback model ([11](#Equ11){ref-type=""})--([14](#Equ14){ref-type=""}) are given by$$\documentclass[12pt]{minimal}
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Analysis of the TMDD model with direct feedback {#Sec4}
===============================================

In this section, we will analyse the TMDD model with the direct feedback approximation, i.e., the Eqs. ([16](#Equ16){ref-type=""})--([18](#Equ18){ref-type=""}), with initial conditions ([19](#Equ19){ref-type=""}), and seek to determine conditions for the existence or non-existence of rebound in this model. However, we start by proving some basic results for the model equations.

Invariance, steady states and stability {#Sec5}
---------------------------------------

For the basic TMDD model, we proved in Aston et al. ([@CR2]) that the positive octant $\documentclass[12pt]{minimal}
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                \begin{document}$$x,y,z\ge 0$$\end{document}$ is invariant; that there is a unique steady state in the positive octant; and that this steady state is a global attractor. In this section we show that the same properties hold for the TMDD model with direct feedback. The proofs of these results can be found in Appendix A. We start by stating invariance of the positive octant.

### Lemma 4.1 {#FPar2}

The octant of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^3$$\end{document}$ defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y,z\ge 0$$\end{document}$ is invariant under the flow of Eqs. ([16](#Equ16){ref-type=""})--([18](#Equ18){ref-type=""}).

This result shows that the equations are a good model in the sense that the concentrations of the ligand, complex and receptor can never go negative. Next we consider the steady states of Eqs. ([16](#Equ16){ref-type=""})--([18](#Equ18){ref-type=""}).

### Lemma 4.2 {#FPar3}
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This result shows that for all non-negative initial conditions and for all positive parameter values, each of the variables will converge to their unique steady state value.

It is also straightforward to show that the eigenvalues of the Jacobian of Eqs. ([16](#Equ16){ref-type=""})--([18](#Equ18){ref-type=""}) evaluated at the steady state ([26](#Equ26){ref-type=""}) are very similar to those given in Aston et al. ([@CR2]). In particular, the two eigenvalues $\documentclass[12pt]{minimal}
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Receptor dynamics {#Sec6}
-----------------

Before considering the full model, we first consider the effect of feedback on the dynamics of *y*, the non-dimensional form of the receptor, in the absence of the ligand or product. As with the basic TMDD model, we note that $\documentclass[12pt]{minimal}
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Assumptions (h2) and (h3) together with definition ([15](#Equ15){ref-type=""}) imply that$$\documentclass[12pt]{minimal}
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Conditions for rebound {#Sec7}
----------------------

Having established that feedback does not lead to rebound in the absence of the ligand, we now investigate the effect of adding the ligand. A local approximation of the feedback near the baseline will give a linear feedback function. So we first consider the special case that the feedback function *h*(*y*) is linear for $\documentclass[12pt]{minimal}
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### A mainly linear feedback function {#Sec8}
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#### Theorem 4.3 {#FPar4}
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Converting back to the dimensional parameters gives the following result.

#### Corollary 4.4 {#FPar6}

Consider the mainly linear feedback function$$\documentclass[12pt]{minimal}
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Rebound occurs in the model given by Eqs. ([8](#Equ8){ref-type=""})--([10](#Equ10){ref-type=""}) with this feedback function if and only if$$\documentclass[12pt]{minimal}
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The rebound region in this case is shown in Fig. [4](#Fig4){ref-type="fig"}. We note by comparison with Fig. [3](#Fig3){ref-type="fig"} that this mainly linear feedback function has enlarged the region in which rebound occurs compared to the case with no feedback.Fig. 4The *green* region shows the part of the $\documentclass[12pt]{minimal}
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### A general nonlinear feedback function {#Sec9}

We now consider the more general case where the feedback function *h* is nonlinear. We express the function *h*(*y*) in the form$$\documentclass[12pt]{minimal}
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#### Remark {#FPar7}

We note that expanding *h*(*y*) in a Taylor series with remainder gives that $\documentclass[12pt]{minimal}
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We now consider regions similar to the ones defined for the model without feedback in Aston et al. ([@CR2]). First we consider region II and show that no rebound occurs in this region.

#### Theorem 4.5 {#FPar8}
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#### Proof {#FPar9}

Following through the proof of Theorem 3.4 of Aston et al. ([@CR2]) for these modified equations, the only difference is that$$\documentclass[12pt]{minimal}
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The next result considers a region similar to region III and we show that rebound does occur.

#### Theorem 4.6 {#FPar10}
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#### Proof {#FPar11}

The Jacobian matrix for Eqs. ([16](#Equ16){ref-type=""}), ([17](#Equ17){ref-type=""}) and ([38](#Equ38){ref-type=""}) evaluated at the steady state is the same as that for the simple TMDD model given in Aston et al. ([@CR2]) but with $\documentclass[12pt]{minimal}
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The proofs in regions I and IV of the $\documentclass[12pt]{minimal}
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With this observation, we can now derive a result on rebound for regions similar to regions I and IV in Aston et al. ([@CR2]).

#### Theorem 4.8 {#FPar14}

Define *m* and *M* as in ([41](#Equ41){ref-type=""}), i.e., the function *h*(*y*) satisfies ([44](#Equ44){ref-type=""}).(i)Rebound does not occur if $$\documentclass[12pt]{minimal}
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#### Proof of Theorem 4.8 {#FPar15}
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Rebound occurs if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_3=-\lambda _1/(1+h_0)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_3>k_4/(1+m)$$\end{document}$.

#### Proof {#FPar17}

The proof uses exactly the same arguments as the proof of Theorem 3.7 in Aston et al. ([@CR2]). Along the curve $\documentclass[12pt]{minimal}
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We summarise the results of Theorems [4.5](#FPar8){ref-type="sec"}, [4.6](#FPar10){ref-type="sec"}, [4.8](#FPar14){ref-type="sec"} and [4.9](#FPar16){ref-type="sec"} as follows.

#### Theorem 4.10 {#FPar18}
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These results are illustrated in Fig. [6](#Fig6){ref-type="fig"}.Fig. 6Regions in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(k_\mathrm{e(L)},k_\mathrm{out})$$\end{document}$ plane where rebound does and does not occur for the nonlinear feedback function *H*(*R*). *Red* indicates regions where rebound will occur and *green* indicates regions where rebound does not occur. In the *white* region, rebound may or may not occur depending on the particular feedback function *H* (color figure online)
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Analysis of the full TMDD with feedback model {#Sec10}
=============================================

In the full TMMD with feedback model, we have an extra differential equation that governs the dynamics of the moderator *w* and so our equations are now ([20](#Equ20){ref-type=""})--([23](#Equ23){ref-type=""}) with initial condition ([24](#Equ24){ref-type=""}). As mentioned previously, the parameter $\documentclass[12pt]{minimal}
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Dynamics of the receptor with feedback, without ligand {#Sec11}
------------------------------------------------------

Before considering the full model with feedback, we first consider the effect of feedback on the dynamics of the receptor *y* (or *R* in dimensional form) in the absence of the ligand or product. We substitute $\documentclass[12pt]{minimal}
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### Theorem 5.1 {#FPar19}
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Lemma [5.2](#FPar20){ref-type="sec"} implies linear stability, but a stronger stability result can be proved. The proof of this result uses a Lyapunov function and is given in Appendix A.
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Thus the trajectory for all non-negative initial conditions will eventually approach the steady state $\documentclass[12pt]{minimal}
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Having established the effect of the feedback on the behaviour of the receptor without ligand and product, we next consider the effect of adding the ligand.

Invariance, steady states and stability {#Sec12}
---------------------------------------

Before considering rebound, we first state invariance and stability results for the full TMDD system with feedback, similar to the results in Sect. [4.1](#Sec5){ref-type="sec"} for the TMDD system with direct feedback. The proofs of the statements in this section can be found in Appendix A.

The first three of our variables are related to physical quantities and so must be non-negative and we have also assumed that the feedback variable *w* is non-negative. Therefore, we now establish the invariance of the region with $\documentclass[12pt]{minimal}
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### Lemma 5.5 {#FPar23}

The region of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^4$$\end{document}$ defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y,z,w\ge 0$$\end{document}$ is invariant under the flow of Eqs. ([20](#Equ20){ref-type=""})--([23](#Equ23){ref-type=""}) when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$.

As with our previous model, this again shows that none of the variables can go negative, which is an essential property of a good model. We now consider the steady states of Eqs. ([20](#Equ20){ref-type=""})--([23](#Equ23){ref-type=""}).

### Lemma 5.6 {#FPar24}
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The Jacobian matrix obtained from Eqs. ([20](#Equ20){ref-type=""})--([23](#Equ23){ref-type=""}) evaluated at the steady state solution ([57](#Equ57){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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### Lemma 5.7 {#FPar25}

The steady state ([57](#Equ57){ref-type=""}) of Eqs. ([20](#Equ20){ref-type=""})--([23](#Equ23){ref-type=""}) is linearly stable when $\documentclass[12pt]{minimal}
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This result implies that all trajectories with initial conditions *sufficiently close* to the steady state will converge to it. On its own , it does not guarantee convergence for all initial conditions. However, for this model, a stronger stability result can again be proved.

### Lemma 5.8 {#FPar26}
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This result ensures that for any non-negative initial conditions and for all positive parameter values, each of the variables will converge to their unique steady state value, as with the previous model.

The proofs of these two results are again in Appendix A.

Rebound {#Sec13}
-------

In this section, we focus on the analysis of rebound in the latter stages of the evolution, i.e., the approach to the steady state. The linearised system will play an important role in this, but first we consider the limiting case $\documentclass[12pt]{minimal}
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### Lemma 5.9 {#FPar27}
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### Proof {#FPar28}
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### Lemma 5.10 {#FPar29}
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### Proof {#FPar30}
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### Corollary 5.11 {#FPar31}
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### Proof {#FPar32}

This result is simply the converse of Lemma [5.10](#FPar29){ref-type="sec"}. $\documentclass[12pt]{minimal}
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### Relative position of the eigenvalues {#Sec14}
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### Rebound in the latter stages of the evolution {#Sec15}

Now that we have determined the positioning of the eigenvalues, we can state when rebound occurs in the latter stages of the evolution.

#### Theorem 5.12 {#FPar33}
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The proof of this theorem will be given via two lemmas which determine when the eigenvalue closest to zero can be associated with rebound. First we consider the case that the eigenvalue $\documentclass[12pt]{minimal}
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#### Lemma 5.14 {#FPar35}
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Again, the proof of this lemma can be found in Appendix B.

With the lemmas above, we are ready to prove Theorem [5.12](#FPar33){ref-type="sec"}.

#### Proof of Theorem 5.12 {#FPar36}
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We note in Table [2](#Tab2){ref-type="table"} that in many cases, there are neighbouring intervals with only the boundary point between them missing. Thus, filling in these specific points (which are proved below) gives the results shown in Table [3](#Tab3){ref-type="table"}. The results in Theorem [5.12](#FPar33){ref-type="sec"} are obtained by converting the eigenvalue ranges in Table [3](#Tab3){ref-type="table"} into conditions involving the parameters, using that $\documentclass[12pt]{minimal}
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#### Remarks {#FPar37}

Some of the rebound results that we proved in Lemmas [5.13](#FPar34){ref-type="sec"} and [5.14](#FPar35){ref-type="sec"} hold only generically, and some cases always give rebound. However, for the sake of simplicity, we have not distinguished between these in Theorem [5.12](#FPar33){ref-type="sec"} but simply refer to the existence of generic rebound.In Theorem [5.12](#FPar33){ref-type="sec"}, we have proved the existence of rebound in a variety of cases. However, it should be noted that we have not proved or disproved the existence of rebound in other parameter regions, and so we do not have results for all possible parameter values.From Theorem [5.12](#FPar33){ref-type="sec"}, we can conclude that there exists $\documentclass[12pt]{minimal}
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Generalisations {#Sec16}
===============

Thus far, we have considered the basic TMDD model with feedback dynamics which is linear in the feedback moderator *F*. We now extend this model in two directions. First we extend the TMDD model to allow for more compartments and secondly we consider more general types of feedback dynamics. Below we show that some of the rebound results can be extended to these more general models.

Generalised TMDD model with feedback via a moderator {#Sec17}
----------------------------------------------------

In this section we consider a generalisation of the basic TMDD model to more compartments. It is assumed that the receptor is still only in one compartment. In the basic TMDD model, the variable *y* represents the normalised receptor in this compartment. Now we will assign *y* to represent either the normalised free receptor (as before) or it could be the normalised total amount of receptor. The normalised ligand-product components (*x* and *z*) of the basic TMDD model are generalised to a vector $\documentclass[12pt]{minimal}
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### Theorem 6.1 {#FPar38}
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Generalisation of the dynamics of the feedback {#Sec18}
----------------------------------------------

In our considerations so far, the feedback dynamics has been linear in the feedback moderator *F* (or *w* in the non-dimensional equations), see ([14](#Equ14){ref-type=""}) or ([23](#Equ23){ref-type=""}). In this section we will consider a more general form of feedback, and focus on the case of a small value of the parameter $\documentclass[12pt]{minimal}
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We now show that some of the results obtained previously also hold in this more general setting. We again start by considering the Jacobian matrix of Eqs. ([20](#Equ20){ref-type=""})--([22](#Equ22){ref-type=""}), ([67](#Equ67){ref-type=""}) evaluated at the steady state ([57](#Equ57){ref-type=""}), which is given by$$\documentclass[12pt]{minimal}
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### Proof {#FPar41}
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This result shows that for this generalised model, rebound always occurs for sufficiently small $\documentclass[12pt]{minimal}
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Applications {#Sec19}
============

We now consider two applications of these results to two different models. The first is the standard TMDD model with feedback. The second is a more complicated model of the effect of efalizumab on patients with psoriasis. This model is an application of the generalizations in Sect. [6](#Sec16){ref-type="sec"}.

Example 1 {#Sec20}
---------
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Example 2 {#Sec21}
---------
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To find out how feedback influences the model, we ran a simulation of the model when the feedback was turned off, i.e., we took $\documentclass[12pt]{minimal}
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Conclusions and discussion {#Sec22}
==========================

In this paper we have extended our previous work on rebound in the basic TMDD model by including feedback. The feedback is negative, thus the rate of receptor production increases when the concentration drops below baseline (and vice versa). We modelled the feedback with an additional dynamic equation for the feedback moderator. If the feedback responds very fast, a quasi equilibrium approximation can be used and the feedback can be incorporated into the synthesis term itself.

We have shown that rebound is more likely to occur if feedback is present and that the likelihood of feedback occurring depends on the response speed of the feedback. If the feedback responds sufficiently slowly there will always be rebound. In the psoriasis example presented in Sect. [7.2](#Sec21){ref-type="sec"}, it can be seen that the rebound can be significant, an increase of over 40% of baseline is observed. The TMDD example in Sect. [7.1](#Sec20){ref-type="sec"} shows that this is not always the case. In general, it is a challenge to describe the main parameters that influence the magnitude of the rebound. One important parameter is obviously the response speed of the feedback. If the response of the feedback goes to zero, then we converge to the case without feedback. Thus for many values of the elimination parameters the magnitude of the rebound will diminish if the response of the feedback slows down to zero and in the limit the rebound will have gone. The exceptions are of course those elimination parameter values for which rebound is observed if no feedback is present (the elimination rate of the antibody-protein complex is less than both the elimination rate of the antibody and the elimination rate of the protein ($\documentclass[12pt]{minimal}
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For moderately slow feedback response rates, the rebound is expected to be maximal, while for very fast feedback responses ($\documentclass[12pt]{minimal}
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In the general feedback model, we have focused on proving the existence of rebound. In general, it is challenging to prove the non-existence of rebound as it has to be shown that the receptor is bounded by its baseline for all time. We expect that no rebound will occur for $\documentclass[12pt]{minimal}
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Furthermore, we have also shown in this paper that most of the results obtained on rebound in the model with slow feedback can be extended to more general systems of TMDD equations such as equations with more compartments. We illustrated this with the example of psoriasis, where rebound is predicted by the model and underpins the observations in patients (see Sect. [7](#Sec19){ref-type="sec"}).

It must be acknowledged that during target discovery and validation, knowledge of the quantitative relationship between the target neutralisation and the nature of the negative feedback is often not known. However, using prior knowledge on the target of interest and similar targets, the model can be used to evaluate the possibility of feedback and its potential magnitude, and thus confirm the suitability of the target.

Appendix A Proofs of invariance and stability results {#Sec23}
=====================================================

Proof of Lemma 4.1 {#FPar42}
------------------

The phase space is bounded by the three planes $\documentclass[12pt]{minimal}
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Equations ([16](#Equ16){ref-type=""}) and ([17](#Equ17){ref-type=""}) are the same as in the simple TMDD model, and so the direction of the vector field on the planes $\documentclass[12pt]{minimal}
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The only difference in this case is in the derivative normal to the plane $\documentclass[12pt]{minimal}
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Proof of Lemma 4.2 {#FPar43}
------------------

Setting the derivatives to zero in ([16](#Equ16){ref-type=""}) and ([17](#Equ17){ref-type=""}) and solving for *x* and *z*, the only valid solution possible is $\documentclass[12pt]{minimal}
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To show the global stability, we note that $\documentclass[12pt]{minimal}
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Proof of Lemma 5.4 {#FPar46}
------------------
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Proof of Lemma 5.5 {#FPar47}
------------------
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Proof of Lemma 5.6 {#FPar48}
------------------

Solving the equations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{x}=\dot{y}=\dot{z}=0$$\end{document}$ for *x*, *y* and *z* again gives two solutions, but one of these has *y* negative, so is not physically relevant and is not in the positive part of the phase plane considered in this lemma. The other solution is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x=z=0,\quad y=w. \end{aligned}$$\end{document}$$Substituting for *y* into the equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{w}=0$$\end{document}$ gives$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h(w)-w=0. \end{aligned}$$\end{document}$$As in the proof of Lemma [4.2](#FPar3){ref-type="sec"}, we see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=1$$\end{document}$ is a solution of this equation using (h2) and assumption (h3) ensures that this solution is unique. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Proof of Lemma 5.7 {#FPar49}
------------------

We showed in Aston et al. ([@CR2]) that $\documentclass[12pt]{minimal}
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Proof of Lemma 5.8 {#FPar50}
------------------

The linear stability proved in Lemma [5.7](#FPar25){ref-type="sec"} implies local stability, i.e., there is some $\documentclass[12pt]{minimal}
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Appendix B Proof of rebound lemmas {#Sec24}
==================================
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-----
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As in the proof of Theorem 3.5 in Aston et al. ([@CR2]), we must again consider the possibility that for particular parameter values, the generic situation considered above does not occur, and so the trajectory approaches the steady state tangent to one of the other eigenvectors.
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Lemma B.3 {#FPar55}
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Proof {#FPar56}
-----
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As in the previous case, we also need to consider the possibility that for particular parameter values, the trajectory might approach tangent to a different eigenvector. We again note that the eigenvector $\documentclass[12pt]{minimal}
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Proof of Lemma 5.13 {#FPar57}
-------------------

This follows immediately by combining Lemmas [B.1](#FPar51){ref-type="sec"}--[B.3](#FPar55){ref-type="sec"} and using that $\documentclass[12pt]{minimal}
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Next we will consider the case that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _1$$\end{document}$ is the eigenvalue closest to zero. The eigenvector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ corresponding to the eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _1$$\end{document}$ is given in ([59](#Equ59){ref-type=""}). The first two entries in this eigenvector are the same as we had previously for the case with no feedback, and since both of these quantities are positive (see Lemma 2.7 of Aston et al. [@CR2]), we must take a positive multiple of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$ to ensure that *x* and *z* are positive in the direction of this eigenvector. We now consider the signs of the third and fourth components of this vector, although we note that since the steady state values for *y* and *w* are non-zero, there is no requirement that these entries be positive. First we determine the sign of the denominator in the expressions for the third and fourth components of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1$$\end{document}$.

Lemma B.4 {#FPar58}
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Proof {#FPar59}
-----
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